REMO GARATTINI(*) 



GREEN'S FUNCTIONS AND ENERGY DECAY ON 
HOMOGENEOUS SPACES^**) 



Abstract. We consider a homogeneous space X = {X, d, m) of dimension v > 1 
and a local regular Dirichlct form in {X, m) . We prove that if a Poincare inequal- 
ity holds on every pseudo-ball B {x, R) of X, with local characteristic constant cq (x) 
and ci (r), then a Green's function estimate from above and below is obtained. A 
Saint- Venant-like principle is recovered in terms of the Energy's decay. 



FUNZIONI DI GREEN E DECADIMENTO DELL'ENERGIA 

IN SPAZI OMOGENEI 

Sunto. Si considera uno spazio omogeneo X — {X, d, ra) di dimensione v > \ e 
una forma di Dirichlet locale regolare in (X, m) . Si dimostra che se una disug- 
uaglianza di Poincare vale su ogni pseudo-sfera B (x, R) di X , con costanti carat- 
teristiche locali cq (x) e ci (r) , allora si ricava una stima della funzione di Green 
da sopra e da sotto. II principio tipo Saint- Venant viene ottenuto in termini di 
decadimento dell'Energia. 



1. Introduction and Results 

We consider a connected, locally compact topological space X. We suppose that 
a distance d is defined on X and we suppose that the balls 

B{x,r) = {y e X : dix,y) <r} , r > 0, 

form a basis of open neighborhoods of a; G X. Moreover, we suppose that a (positive) 
Radon measure m is given on X, with supp m — X. The triple {X, d, m) is assumed 
to satisfy the following property: there exist some constants < i?o < -t-oo, v > Q 
and a positive function cq {x) together with Cq ^ {x) which belong to (-^^o); where 
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Xq is a relatively compact open subset of X , such that for every x ^ X and every 
0<r <R< Rq 

(1.1) < Co (x) (^) " m (S (x, R)) <m{B {x, r)) . 

Such a triple {X, d, m) will be called a homogeneous space of dimension v. We point 
out, however, that a given exponent v occurring in (^]^) should be considered, more 
precisely, as an upper bound of the "homogeneous dimension", hence we should 
better call {X, d, m) a homogeneous space of dimension less or equal than i'. We 
further suppose that we are also given a strongly local, regular, Dirichlet form a in 
the Hilbert space {X,m) - in the sense of M. Fukushima [Q, - whose domain 
in {X,m) we shall denote by D [a]. Furthermore, we shall restrict our study to 
Dirichlet forms of diffusion type, that is to forms a that have the following strong 
local property: a (u, v) = for every u,v V [a] with v constant on a neighborhood 
of supp u. We recall that the following integral representation of the form a holds 

a{u,v)— / a{u,v){dx), u,v&V[a], 
Jx 

where a {u, v) is a uniquely defined signed Radon measure on X, such that a {d, d) < 
m, with d G Vioc [o]- this last condition is fundamental for the existence of cut 
off functions associated to the distance. Moreover, the restriction of the measure 
a (u, v) to any open subset Q of X, with 17 C Xq, depends only on the restrictions 
of the functions u, v to fl. Therefore, the definition of the measure a {u, v) can 
be unambiguously extended to all m-measurable functions u,v on X that coincide 
m — a.e. on every compact subset of fl with some functions of 2? [a] . The space of 
all such functions will be denoted by X'/oc [a, ^] ■ Moreover we denote by V [a, 17] 
the closure of V [a] n Cq [17] in T> [a] . The homogeneous metric d and the energy 
form a associated to the energy measure a, both given on Xq, are then assumed to 
be mutually related by the following basic assumption: 

There exists a constant fc > 1 such that \/ x E Xq, V R with < R < Rq the 
following Poincare inequality holds m : 



(1.2) J \u — ub{x,b.}\ dm < ciR J a{u,u){dx) 

B{x,R) B{x,kR) 

for all u G 13 [a, B [x, kR)], where 



"^(-^) = m(B(x,i?)) ] 

B{xM) 

By assumption ( [1.2| ), it can be shown the validity of the following Sobolev type 
inequality of exponent s for every x e Xq and every < i? < Rq: 



(1.3) 



m{B\x,R)) I '"'''^™) -^^^1 J "(-'")(^^) 

\ B{xM) j \b{xM.) 
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where u G D[a,B {x^kR)] and supp u C B{x,R). Let us consider the foUowing 
simple generahzation of the Poincare inequahty 

(1.4) J \u — ub{x,r)\^ dm < Ci {R) J a{u,u){dx) 

B{x,R) B{x,kR) 

where Ci (r) is a decreasing function of r, then the foUowing Sobolev inequahty of 
exponent s 



(1.5) 



/ 

1 



J \u\"dm\ < (x) ci (R) R \ J a{u,u){dx) 



m{B ix,R)) 

\ B{x,R) J \Bix,R) 



can be proved, where we have defined r (x) — sup Cg (x) . In this paper we 

\B{x,2R) J 

wiU fix our attention on Green function estimates from above and below by using 
an Harnack's inequality obtained in Rcf. ||]. Moreover, we will give the behaviour 
of the Energy decay related to the Green function under consideration. We begin 
here by recalling the results given in ^ . 

Theorem 1 (Harnack). Let (Q , (O), ^) hold, and let u be a non-negative 
solution of a (u, v) = 0. Let O be an open subset of Xq and u G I^joc [O] , G Pq [O] 
with B [x, r) C O, then 

ess supu < exp 7/i ess inf{t, 

where u is the function in L^ (m, B) associated with u, 7 = 7 [v, k), with k a pos- 
itive constant and iJ,{x,r) = {x) ci (^). A standard consequence of the previous 
Theorem is the following 

Corollary 1. Suppose that 
R 

(1.6) y"e-w(:r:P)^ ^ 00 for r^O 

r 

then the solution is continuous in the point under consideration. In particular, if 
ji {x, p) K. o ^loglog , then there exists c > such that 

(log J-) 

(1.7) osc u < c—, osc u. 

B(x,r) [log j:) Bix,R) 

Before presenting the main results we assume that dB [x, r) be connected and 
we prove the following 

Lemma 1. Let X = B {x, |r) — B {x, |r) be a connected set and let I be equal 
to sup c^^ {x) 16""^. Then there exists a finite number I of overlapping balls 

xeB{xo,2R) 

of radius r/8 joining two arbitrary points Xi and xi of X which is at a distance 
greater than r/2 from the origin. 
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Proof. X can be covered with a finite set X of balls of radius r/16. We can assume 

that the ball Bi = i3(xi,r/16) is in the considered covering and we now assume 
that every ball in the covering X intersects X, i.e. BiC\X iov every i= 1 . . .1. 
Since X is a connected set, there exists a second ball B2 = B (x2, r/16) C X with 
B2 r\ X ^ s.t. the closure of B\ and the closure of B^ do intersect, namely 
Bx^B-i 7^ 0- Consider the set X-^i = -Bi U B2. By hypothesis on X and X, 
there exists a ball B3 = B {xs, r/16) C X, -B3 n X 7^ s.t. X12 n B3 7^ 0. Now 
we can consider the new set X123 defined by X123 = BiU B2U B3. By repeating 
the previous steps, we can say that there exists a ball B4 = B {x4,r/16) C X, 
Bif\ X ^ ^ s.t. X\2S f\Bi^^. By iterating this procedure we can construct two 
sets and F„+i...; s.t. X = U B (a;,, r/16), F = U B (a;,, r/16) 

l...n i=l...n i=n+\...l 

with 

X n F 7^0. 

l...n 

Indeed if X and Y were s.t. X n Y =0 this would mean that the space 

l...n n+\...l \...n n+\...l 

X is not connected against the hypothesis. The chain of balls is obtained by joining 
the centers of the balls B (x,, r/16) forming the set 



X = U B{x„r/IQ) 
1=1. ..I ' ' 



previously built which starts from x\ and stops to Xi. To obtain the overlapping of 
the balls is sufficient to consider B {xi,r/9>) and the new sets 



with 



X = U B{xi,r/S); Y = _ U B(a;,,r/8); 

1...71 1=1. ..n n+l...l %=n+l...l 



X n Y ^ 

l...n n+l...l 



for every n and the Lemma is proved. Now we can state our main results 

Theorem 2 (Size of the Green function). \/B{xq,R) C B {xo,2QR) CC Xq and 
Vr e (0, ^] , the following estimate holds for all x e dB {xo,r) 



R R 

co{x)exp{-ljfi{x,s)) , ... /" (a;) cf (r) exp (^7/1 (x, s)) 2ds 



f CO (x) exp {-l-fn {x, s)) 2ds ^ f 
J m{Bix,s)) ' T - ^^(-•«) ^y>-J ■ 



s 



m{B {x,s)) s 



where I = sup Cq ^ (a;) 16 ^ is a finite number of balls of radius r/8 covering 

xeB(xo,2R) 

dB {xo,r) . 

Theorem 3 (Saint- Venant-like principle). Let u be a local solution in Xq and B {xq, 4i?o) CC 
Xo with Rq = PR. Let 

(1.8) V(r-)= J Gl"^^^,^^aiu,u){dx). 

B{xo,r) 

Then 

R 

^ (r) < ccj (qr) ip (Rq) exp I - /" exp ( -27^ (xq, p) — 



(1.9) 



In particular, if'~ffi{x,r) < o (log log i) then 

(1.10) V'W< (^)^W, 

with k > 1. 

From the point of view of partial differential equations these results can be 
applied to two important classes of operators on R": 

a) : Doubly Weighted uniformly elliptic operators in divergence form with mea- 
surable coefficients, whose coefficient matrix A = [oij) satisfies 



w 



{x)\e <{A£.,i)<v{x)\^\\ 



Here (•, •) denotes the usual dot product; w and v are weight functions, respec- 
tively belonging to A2 and D^o such that the following Poincare inequality 

1 



fix)-fBfvdx\ <cr\^—- \Vffwdx 



\v{B)\J ^ I - I 1^(5) 

B / \ B 

holds. 

b): Doubly Weighted Hormander type operators whose form is L = X^. (a''*^ (x) Xh) 
where Xh,h — 1,... ,m are smooth vector fields in R" that satisfy the 
Hormander condition and a — (a'*'^) is any symmetric m x m matrix of 
measurable functions on M",such that 

W (X) J2 {Xr, 0' < E ^^^^ < ^ (^) E ' 

i Lj i 

where Xi^ (x) — {Xi, V^) , i — 1, . . . ,m, is the usual gradient of ^ and 
(•,•) denotes the usual inner product on R". Then the following Poincare 
inequality for vector fields 



<-(^^/(^Ei(^.^v/(.))ij w.) , 

holds, with w ^ A2 and v £ Doo- 

2. Estimates of the Green's functions and capacities of balls 
We define the Green function Gq for the problem 



{a (u, v) — J fv m (dx) 
o 
ueVo [O] , Vf e Po [O] 
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O is a given ball B {xq, Rq) C Xq and x ^ O. The regularized Green function q 
associated with is 

(2.2) { ^ B{z.p) 

where we have defined j- = I ^ig]^ ) / , with p > and B {x. p) C C We 

define the capacity of the ball B{x,r) with respect to the ball B{x,dr) , c? > f, 
relative to the form a, by setting 

cap (B (x, r) , B (x, dr)) = min {a (w, w) : w G Po [-B (a;, dr)] , u > 1 m — a.e. on i? (.t, r)} . 

By Sobolev-Poincare's inequality (jj), the minimum is achieved and the unique 
minimizer u = u^^^, ,,) is called the equilibrium potential of B (x, r) with respect to 
-B (x, dr) , relative to the form a. 

Theorem 4. Let G^j^^ ^^-j 6e f/ie Green function of problem ( pTl| ) , O =i? (a;, dr) , 
with singularity at x, d > 2, B (a;,4r) CC Xq. Suppose OB {x,r) be connected, then 
the following estimates hold: Vy € dB (x, r) 

^^■^^ cap(B (a;,r),S(a;,dr)) " ^^(-■'i'') " cap (a;, r) , S (x, dr)) 

and 

(d-l)^co^ . 1 dVc?Wl!M 

^ m(i?(x,r)) <icap{Bix,r),Bix,dr))) <—-^^^—^, 

where ci (r) is the decreasing function of assumption ( |1.4| ) ^ sup Cq ^ (x) 16""^. 

Proof. Let us consider the cut-off function ip of B {x, r) in i? (x, (l + ^) as a 
test function, then 



cap{B{x,r),B{x,dr)) < J a{ip,(p){dy) 

B{x,dr) 

40d'- m(i?(x,r)) 

" CO (x) (d - if r2 

There exists a positive Radon measure = i'B{x,r) called the equilibrium measure 
of B (x, r) in B (x, dr) relative to the form a, such that 

(2.6) a{uB(x,r),v) = J v{y)vB(x.T){dy) 

B[x,dr) 

Vw e I?o (2;, dr)] . u is the q.c. version of v, supp i'B(x.r) C 9i? (x, r) and 

(2.7) cap(B (x,r) ,B (x,dr)) = a {uB{x,r),UB{x,r)) = i^B(x,r) {dB (x,r)) . 
Since UB(x.r) = ^^ m-a.e. on B (x.r) , p < |, we have 

GUi^,dr) ^c(b (x, dr) - i? (x, ) n Po [B {x, dr)] . 
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Then 



x,r)i ^ p.B{x,dr) ]{dy) 



B{z,p} 



But 



a (uB(x,r), Gp^B(x,dr)) - / G''p,B{x,dr) ^B{x,r) [dv] 



(2.9) 

and 



B(x.,dr) 

Gp,B{x,dr) (y) VB[x,r) (dy) = 1 



dB{x,r) 



1 = / ^^.^(^..dr) (y) ^B{x,r) {dy) > g^-^i^ G''p^B{x,dr)^Bix,r) {dB {x , r)) 



dB(x 

(2.10) 

Therefore 
(2.11) 

But 

1 = 

dB(x,r) 

this imphes that 

that is 
(2.12) 



1 > ^ inf G^p^B(x,dr)Cap [B (x, r) , B {x, dr)) 

dB{x,r) V 5 / 



cap{B{x,r),Bix,dr)) " 



Gp,B{x,dr) (y) (^y) < SUp G^'p g ^^^^V B (x ,r) {dB {x, r)) 

dB{x,r) 



1 < sup G'p Br^^^.cap {B {x, r) , B {x, dr)) 

dB{x,r) 



< sup 



cap{B{x,r) ,B{x,dr)) dB(x,r) 



p^B{x.dr) ' 



Cohecting together ( 2.11 ) and ( 2.12 ) , we obtain 

1 



(2.13) 



- cap {B {x, r) , B {x, dr)) " 
By Sobolev-Poincare inequahty, for d> 2, we have 

cap {B {x, r) , B {x, dr)) = a {uB(x,r),UB(x,r)) 



< 



< sup Gp^5(^,^^). 



(2-14) > ^.^.^2(,),6(,) J -B(x.r)^{dx) 

B(x,r) 



(-^-j ^6 (1 2;) 



m (i? (a;, r)) , 



which together with (2.5) shows that 
(d-l)'co(x) r2 



< 



(2.15) 



d'^AO m [B (x, r)) " cap {B {x, r) , B (x, dr)) 
d'^r'^cj (r) (x) 



< 



m {B (.T, r)) 
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By Lemnia|l|, dB (x, r) can be covered by a finite number I of overlapping balls of 
radius r/8 with distance greater than r/4 from x. This set has been denoted as 

X ^ (J B{x,,r/8). 
1...1 1=1. ..I 

Thus on each ball oi X , a. Harnack's inequality holds 
(2.16) supG^', , , < e-^^^^^'-^infC^' , ... 

Let u {x) = We begin with B {xi, r/8) and B {x2, r/8) both included in 

X, then we obtain 

u (xi) < supu (x) < e''^(^''')infu (x) < e'^^^^'^'^u (5i) 



< e'^'^^^'^'^supu (x) < (e''^(=^^''))^nfM(x) < (e'^''^^''')) \ (a;2) ^ 



where xi E B{xi,r/8) H B {x2,r/8). Let us consider the ball B{x3,r/8) C X as 



1...; 



in Lcmma0, then if B (0:3, r/8) n B (xi, r/8) 7^ then 

uixi) < (e''^("'''))'u(xi), 
otherwise if B {x^, r/8) n B (xi, r/8) — one gets 

uixi) < (e'^^(^''-))\(a;i). 
By iterating the process to the I balls of the chain, we get 

uixi) < ... < (e''''(^''')yinfu(x) < (e'^^^^'^'^y u (x;) • 

Then, collecting together the inequality chain and taking into account that u (x) 
G'p,B(..dr)' we obtain 

Therefore, by previous results we have 

1 



cap {B {x, r) , B (x, dr)) 

< sup G^BixAr) < e'^''^"'") inf G^,s(..dr), 
dB(x,r) ^ ^ dB(x,r) - ' 

then 

g-i7At(a;,r) 

^^■^^^ cap{B{x,r),B{x,dr)) " ob^'^p-''^^-^^^ 

On the other hand 

asfi^.r)^'''-^*^''''"^ ~ cap {B (x, r) , B (x, dr)) ~ dB{x,r) 



<ghPM G^„,^,^, < 
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then 

Putting together and ( ^.ISD , we get 

^^•^^^ cap{B{x,r),B{x,dr)) " ^^^^i^'dr) iv) < cap {B {x,r) , B {x,dr))' 

Proof of Theorem |. Let n G N be such that 2"r < i? < 2"+V Vj = 0, 1, . . . , n 
and let be the Green function in B (^x, 2-'r) with singularity at x. Then by 
estimating from above and by Theorem ^ we have 

m{B{x,V-^r)) ' 
with y G 55 (x, 2-'^^r) . We introduce the function 

Uj G| - GJ_i in B {x, 2^-V) , 
which is a solution of a {uj, v) = 0. Indeed, 

a {uj,v) = a {^G^ ,v) — a (^G^_i,v) = J- vm{dx)—J- vm(dx)—0, 

B(x,p) B{x,p) 

with Uj G Vioc [B {x, 2^- V)] , Vw G X>o [B {x, 2^- V)] . 

(y) - G^^ (y) = -G^-_i (y) = q.e., y e dB {x, 2^" V) 



m (ii (x, 2-' -^rj) ^ ' ^ ' 

and Cj (r, x) — (x) (2^^^r) exp (^7/1 (x, 2^~^r)) . By the maximum principle 



, . . . , I 



u, (y) < m-a.e. in B {x, 2^-\) ,j^l,...,n 

if 

^■■=G\.x^R)-Gl inB{x,2-r), 

we find 

u (y) < i2"rf m-a.c. in B (x, 2"r) . 



This yields to 



G%ix,R) (y) < " (y) + 51 (y) 



- m(B(x,2«r)) ^ ^ ^ m(B(x,2J-ir)) ^ " ^ m (x, 2J-ir)) ^ ^ ' 
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j^Q m{B{x,23r)) ^ ' 



G'Bi.,R) (y) <jr' (x) 



R 

c\ (r) cxpil-yn (a;,s))^2<^s 



m{B (x,s)) s 



On the other hand, if we proceed to estimate the Green's function from below, we 
have to consider the foUowing initial inequality 

^ co(x)expH7, (x,2pO . 
■' m[B[x,2i '-r)) 

By repeating the same steps of the estimate from above we arrive at 

R 

(2.21) {y} > J ^^B{x,s)) ' T 

r 

and the desired estimate from above and below of the Green function becomes 

R R 

f Co{x)cxp{-ljfi{x,s)) 2 fi'-s \ ^ f 6 (T-)exp (^7^ 2 rfs 

r r 

where we have taken the smallest radius on ci (r) because of its decreasing property. 

3. Energy's decay 
We first prove a weighted Caccioppoli's inequality. 
Proposition 1. Let v be a local solution in B {xQ,4r) , 



a {v, w) = 
e Vioc [B {xq, 4r)] , Vw e Do [B {xoAr)] 



then 



^^"aivjv) (dx) + sup 

B{xo,qr) 
B(xo,qr) 

B{xo,r)—B{xo,qr) 

where Cq is a constant depending only by q and where we have defined 
(3.2) s{xo,r)= sup e'>'^(^''') 

zeB (xo ,r) — B {xo ,gr) 



an> 



d 



(3.3) So (xq) = sup r (z) , 

z&B{xo,qr) 
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Proof. Let z G B{xo,r) and B{z,sr) C B{z,tr) C B{xo,r), s < t < 1 and let 
(fi be the cut-off function of B{z,sr) w.r.t. B{z,tr) . We choose as test function 
(f'^vGp, where denotes regularized Green function relative to z and to the ball 
B (z, 2r) . Since (p, v, G Aoc (a;o, 2r)] fl (B (xq, 2r) , m) we have 

= a{v,ip^vGl) ^ j a{v,ip^vG'p) (dx) 

B{z,tr) 



f^G'pa{v,v){dx)+ / <f^va{v,G;){dx)+ / wG^a (w, ./j^^ (da;) 



B(z,tr) B{z,tr) B{z,tr) 



B{z,tr) B{z,tr) B(z,tr) 



if^G^a (w, v) {dx) + I ip^va {v, G^) {dx) + / vGp2pa {v, (p) {dx) 



V^G;a{v,v){dx) + ^ J a{^WG;){dx)- J v\a {p>,G;) {dx) 

B(z,tr) B{z,tr) B(z,tr) 



(3.4) +2 j vGl>pa{v,Lp){dx) . 

B(z,tr) 

This implies that 

^^Gla{v,v){dx) + ]^ j a{^\\Gl){dx) 

B{z,tr) B{z,tr) 



2v^ipa {(fi, Gl) {dx) - 2 / vG^ipa {v, ip) {dx) 



B{z,tr) B{z,tr) 



< J y(p\\a{ip,G^p)\{dx) + 2 J \vG'pip\\a{v,ip)\{dx) 

B{z,tr) B{z.tr) 
1 

< - 

- 4 

B{z,tr) B(z,tr) 



ip^Gpa{v,v){dx) +4 / v^Gpa {(p, ip) {dx) 



^ ^ v'G;a{p,p){dx) + e [ v\^G;) ' a {G;,G;) {dx) 



(3.5) 
1 

B(z.,tr)-B(z.,sr) B{z,tr)-B(z,sr) 

We will now estimate the last term at the r.h.s. of ( |3.5|) . Let a be the cut- 
off function of the annulus B{z,tr) — B{z,sr) w.r.t. the balls B(z,^r) and 
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B(z, {2t — s)r), then by applying Lemma (7.2) of Ref.||l| with / = atpv, we find 

aV^2 {G;y'a{G;,G;) (dx) 



B(z,tr) 

(3.6) <4 J v^ifi^ {Gpfa{aipv,aipv){dx). 

B{z,tr) 

By means of Schwarz rule applied to a {aipv, <J^pv), we have 



j {G'pY a{aipv,aipv){dx) <3 J [G^f ip^ a {v , v) {dx) 



B{z.,tr) B(z,tr)~B{z,s*r) 



(3.7) 2 , / v'{G^,f n,{dx) 

B(z,tr)-B(z,s*r) 



Substituting (Bj) in (3.6) , it follows 



/ v'^'a {G;, G;) (dx) < ^ / v' {G;f m (dx) 

J (i — sir J 

B(z,tr)-B{z,s'r) ^ B{z,tr)~B(z,s'r) 

(3.8) +12 y" (^2^G^^'a(w,i;)(dx). 

B(z,tr)-B(2,s*r) 

Let us consider 

sup Gp 
infG^ ' 

where the sup and the inf are taken on B (z, tr) — B (z, s*r) with p < s*r,we have 
that 

(3.9) < < cri° (z) exp {2ljf, (z, r)) (i/s*)"^"' 4 (r) . 



By multiplying inequality (3.8) by sup (Gp) ^ and taking account of estimates 



zeB{z.tr)-B{z,s''r) 



(2.3), we obtain 



1 «V(G^)"'«(G^,G^)(dx) 



S(z,tr)-S(z,s*r) 



t'^° (z) 480ce2'w(^,r)^2 



B(z,tr)-B(z,s'r) 
10 ( \ 2l-,ii{z,r) 2 I \ p 

(3.10) +125 ^ ; ^ ^ / v'2G>(«,«)(dx). 

(s/t) J 

B(z,tr) 
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Putting (3.8) in ( |3.5[ ), taking account of the properties of (f and choosing ec 
exp (-2/7/i (z, r)) {s/tf"^^ (z) / (24c2 (r)) , we obtain 

if^G;a{v,v){dx) + \ J a{v\^Gl){dx) 

B{z,tr) B{z,tr) 



1 

4 

B{z,tr) B(z,tr) 



+6ct1° (z) e2'T''(^''')c? (r) (s/i)'""' j w^G^a ((^, ^) {dx) 

B(z,tr)-B(z,s-r) 
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y v''Glm{dx) + ~ J ip^G;aiv,v)idx) 



B(z,tr)~B{z,s'r) B(z.tr) 

B(z,tr)-B(z.s'r) 

Since = 1 on i? (z, sr) and by the definition of and recaUing that 

B{z,p) 

{,n{Blz,p))) I ' 
B(z,p) 

we have 

(p'^ {Gpf a{v,v){dx) + ^4 m{dx) 



B(z,tr) B(z,p) 



(3.12) <l^^lAf -lyiy^/^J / y^Gtmidx)^ 



CT^° (z) e2 '7M(^-'^)cf (r) (g/t)'"-' 

B(z,tr)-S(x,s*r) 

Take the hmit p 0+, then Gp G^ uniformly in B (z, tr) - B (z, s*r) , Vs* fixed. 
By the Lebesgue theorem in Ref. wc obtain for m-a.e. 

G'a{v,v) (dx) + ^v{zf 

B{z,sr) 

(3.13) <-"(-)-^'^^^^^^'f(-)(-/^)"'^ / .^G^^idx). 

B{z,tr)-B{z,s*r) 

We take the sup for z e i? (xq, gr) by choosing g S (O, |) , s = [2g (1 — g)] = , t = 
1 — q. Then i? (z, tr) — B {z, s*r) C B {xq, r) — B (xq, qr) and Mz & B (xq, gr) we 
get 

1 



G^"a (w, v) {dx) + ^ sup v"^ 

B(xo,qr) 



'^BixQ.qr) 
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zeB{xo,qr) J 

B{z,r)-B{z,qr) 

< — / V m[dx) 

m(B[z,qr)) J 

B{xa,r)-B(xo,qr) 

3.14) < Cq — / V m{dx) 

m[B{xo,r)} J 

B{xo,r) — B{xo,qr) 

with Cg = cq-" {s/tf^^ I (t - sf. 

Proof of Theorem |^. Let us consider the test function w — (u ~ k) Gpip, where 
Gp is the regularized Green function relative to z and to the ball B (z, tr) , (p is the 
capacitory potential of B (z, sr) w.r.t. B {z, tr) . z G B (xo, qr) , s < t < l,q to he 
fixed, fc is a constant. We have 

J a{u,{u-k) ipGl) [dx) 

B(zdr) 



ipGpa {u, u) (dx) + J {u- k)tpa (u, G^) (da;) + J {u - k) G^a {u, ip) (dx) 

B(z,tr) B{z,tr) B{z,tr) 



pG;a{u,u){dx) + ^ J a(^{u~kfp,G;){dx) 



B{z,tr) B(z.tr) 

(3.15) + j (u-fc)GX«,^)(dT)-i j {u-kfa{p>,G;){dx). 

B{z,tr) B{z,tr) 

Then for p < r, we get 



1 f 2 

(pGpa {u,u) (dx) + — -j- [u — k) m{dx) 

B{z,tr) B{z,p) 

{u - k)'^ a [(p, Gp) {dx) - J {u - k) GpU (u, ip) {dx) 

B{z,tr) B(z,tr) 



\ I a(ip,G;{u-k)'){dx)-2 j {u~k)G;a{u,p){dx) 



B(z,tr) B{z,tr) 



1 

2 

B(z,tr) B{z,tr) 



Gp {u ~ fc)^ dvB(z,sr) - 2 / {u-k) Gpa (u, p) {dx) 



< - sup {u^k)^ +2 / {u- k) Gp a {u, (p) {dx) 

^B(z.tr) J 

B{z,tr) 
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1 2 1/" /■ 2 

< - sup {u — k) H — / G^a {u, u) (dx) + / {u — k) Gla {tp, ip) {dx) 

^B(z.tr) V J J 

B(z,tr) B{z,tr) 

1 2 1/" 

<- sup {u — k)-\ — / Gla{u,u){dx) 

B(z,tr) 

(3.16) +T] sup {u — kf' sup Gp cap{B {z,sr) ,B {z,tr)) . 

B(z,tr) B{z,tr)-B(z,sr) 

Then, by the max principle and by Theorem (|^), we have for arbitrary 77 > 

1 f 2 

ipGpa {u,u) {dx) + — -j- {u — k) m{dx) 

B(z,tr) B(z,p) 
1 2 1/" 

< - sup (u — fc) H — / G^a (w, u) {dx) 

^B(z.tr) V J 

B(z.,tr)~B(z.,sr) 

(3.17) +7] sup {u — k)^ supGp cap {B {z , sr) , B {z , tr)) 

B(z,tr) B{z,tr)-B(z,sr) 

Moreover, the apphcation of Harnack's inequahty on Green's function gives 

supGp cap {B {z , sr) , B {z , tr)) 

B{z,tr)-B{z,sr) 

<e'w(^,'-) infG^ cap{B{z,sr) ,B{z,tr)) 

B{z,tr)-B{z,sr) 

(3.18) < cr«(z)c?(r)e2'^^("''^\ 
where I — 16^" sup Cq ^ {x). This imphes that 

xeB{xo,2R) 



1 



(pG^a {u, u) {dx) + - -f {u — k)^ m {dx) 



B{z,tr) B{z,p) 



< - sup {u - kf + rjccT^ {z) c\ (r) sup e^''^^^^^'') sup {u - k)^ 

2 B{z,tr) z£B(z,tr)-B{z,sr) B(z,tr) 

(3.19) +^ J Gpa{u,u){dx) 

B{zdr)-B(z,sr) 

Then, passing to the hmit as p ^ we obtain, by Lebesgue theorem in for 
m-a.e.z 



1 2 

fG%^^x,tr)C^ {U, U) {dx) + -{U {z) - k) 



B(z.,tr) 
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< 1 1- + rjccT^z) cjir) sup e^^'^^^^'^'M sup {u - kf 

y2 zeB(z,tr)~B{z,sr) J B{z,tr) 

(3.20) +- / G'a(u,u){dx) . 

V J 

B(z.,tr)-B(z.,sr) 

We now choose t — 1 — q, s — 2q, with q £ (O, . From 



sup - fc)^ < 1 + 2riccT^ (z) c? (r) sup e^'^''^^''^) sup - 

B{z,tr) \ zeB{z,tr)-B{z,sr) I B{z,tr) 

(3.21) +- j G^pa{u,u){dx) , 

B{z,tr)-B{z,sr) 

we take the supremum for z G B (xq, qr). Then from Theorem ^ we have 
sup (u - kf < (1 + 2ricsl {xq) c\ (r) s^' (xq, r)) sup (u - kf 

B(xo,qr) B{xo,r) 

+K-p(s(C,r)°5U,.o)) / "^"'"^^'"^ 

-B(xn,r)-_B(xo,(2r) 

< (l + 2??csg (xo) cj (r) s^' (xo, r)) sup {u - k f 

B(xa,r) 

(3.22) / e'^''(^-'-)G|,(,„,2.)" ^) (^^) ' 



B(xo,r)-B{xQ,qr) 



with s (xq, r) defined as in Eq.(3.2). From Proposition (|^), it foUows that 

1 



C^a (w, v) (dx) + ^ sup 

B(2;o,9r) 



'2 B{xo,qr) 



<Cq — / V m{dx) 

m[B{xo,r)) J 

B{xo,r)~B{xo.qr) 

(3.23) <Cg4{qr)s^^ {xo,r)sl,'^{xo) sup v\ 

B(xo,r) 



where Sq (2^0) has been defined in Eq.( |3.3| ). Thus 

B(xo,qr) 

(3.24) <Cqc\{qr)s^^{x^,r)sl''{xo) sup {u - kf . 

B(xa.r) 



17 



Then, by (3.22) we obtain 



'^S(a;o,2r)"("'")(^2;) + SUp {u - k)' 
B(xo,qr) 
B{xa,qr) 



< [cgct (qr) s^' [xo,r) s^^ {xq) + 1 + 2t]csI {xq) c\ ir) s^' [xQ,r)\ sup {u - kf 

B{xa.r) 

(3.25) +£!n^ I G-,^,^^a(.,u)(d:.). 

B(2:o,r) — i3(2;o,gi") 

By "hole filling" after having multiplied by ?], we obtain 

(s^' (xo,r-) +77) / G^°^^_2r)"("'")('^2;) +77 sup \u~kf 

J ' B(xo,qr) 

B(xo,qr) 



< T] sup {u - kf [cqc\ (qr) s^' {xo, r) sj^ (xq) + 1 + 27705^ (xq) c\ (r) s^' (a;^, r) 

B(a;0:r) 



(3.26) +s''(xo,r) y G^°^^^.)"K")(^^) 

B(2;o:r) 



We now study the last term at the right hand side of (3.26) 



B(xo,r) B(xo,r) 
B(xo,r) 

Here we have taken into account that 

^ ~ ^B(xo.2q-^r) ^B{xo,2r) 

is a solution of the problem 

a{F,v)^0, yv eV[B{xQ,2r)], 
therefore by the maximum principle and Theorem (Q) 

inf F > inf F = inf CL" ^ , 

B{xo,r} dB(xoar) dB{xo,2r) -"(.^"■^9 "^l 

(3.28) > cexp(-/7^(a;o,r)) cq (xo) 



^m{B {xo,r)) ^ 

Therefore, by Poincare inequality, we also have for arbitrary q e (0, 1) 



B{xo,r) B(xo,r) 
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-cexp {-Ijn {xo,r)) ^ J a{u,u){dx) 

B{xo,r) 



< 

B{xo,r) 



(3.29) -c ;!;^°^7^7"/!°':^^:- J / i-^r 

\ TO (ii (cco, rj) ci '-qr)(K ^qr) I J 

where u denotes the average of u on i? (xq, n^^qr^ . By choosing q such that K~^q 
q, we find 



B(a:o,r) S(£Co,r) 

Qn^ /co (a::o)exp(-7/i(a;o,r'))\ f i -|2 ^^ 

(3.30) — c — — -T — - — - sup \u — u\ ■m{B{xQ,qr)), 



m{B{xQ,r)) J ci{qr)B(xo,qr) 
while taking the doubhng property of to into account, 

TO {B {xo,qr)) 



m{B {xo,r)) 

we obtain that 



> Co {xo)q'', 



_B(a;o,r) B{xo,r) 



(3.31) _cg--2(g^p(_;^^(^^^^)))£oM |^_-|: 

Cl (g'^-jsCxo.^r) 



Taking into account ( 3.3l| ) and choosing w = A: in ( 3.2(j ) , we obtain 



{s^'ixo,r)+Tj) J Gl°^^^^^^^^a{u,u){dx) 

B(xo,qr) 



(3.32) +(^ + cq^-\e^v{-l^^x{xo,T)))''^^\ sup \u - 



<77 sup \u-u\ [cq4{qr)s^^{xQ,r)sl^{xQ) + l + 2ricsl{xo)cl{r)s^'{xQ,r)] 

B{xo,r) 



(3.33) +s^'(xo,r) J Gl\^^^^^^^a{u,u){dx). 

B{xo,r) 

Since 

(3.34) s{xQ,r)^ supe'^^^^"''') =exps(xo,r) 

zeB(a;o,r) — S(2;o,gr-) 
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with s {xo, r) = sup7/U {xo,r) , we now choose r] = exp {—2ls {xq, r)) and divid- 

ze.B{xo,r) — B(xo,qr) 

ing by 

(3.35) exp (3/s (xo, r)) + ry, 

we have 

B(xo,qr) 

( f,-2ls(xo,r) I „„i/-2 -i-yu(xn.r-| cg(a:o) \ 

e3is(a;o,r-) +g-2(s(xo,r-) sfj^j^r) " 



[cgcf (gr) e3'^(^0''')sJ8 + 1 + 27?csg (xo) cf (r) e^'^^^o-'^)] , _,2 

< TT-TT r sup \U — U\ 

eUs{xo,r)^l S(xor) 
B(xo,r) 



e5(s(xo,r) + 1 ^^^^^^^ 



S(xo,r) 

On the other hand the first member of previous inequaUty becomes 

/ <^B%o,2r)"K^)W 
B(xo,qr) 

^1 + c(^''-2g2;s(xo,r)g-(7(u(a;o,r) £0(^0)^ 



e5Zs(xo,r) + 1 B(xo,qr) 

This means that 

Gb%o,2.)" (^^) < Ji-smLi „f P I" - "I 

-B(xo,9'') 



+ l + g-L-(xo.O / G-,o,2.)«K")(rf^)<2cc?(«r)e-'^-(--)^su^^^^ 

B(xo,r) 

(3-37) / G-xo,2.)"K^)W- 

S(xo,r) 



20 

In the last inequality sup \u — can be related to the energy by 1^ 

B{xo,r) 

2 / ^ \ 

sup \u — Up < c I osc ii \ exp i — [ exp f — 27/i {xq, p) — ) | 

Bixo.r) \B{xo,R) ) \ J \ P J j 

- m(i?(xo,fcfl)) ( " / (^'^^ ^"'''^ f ) ) / ^'^"^ 

\ r I B(xo.k 



B(xo,kR) 



'B(a:o,29-ir)>- 

R 



(3.38) 
Then 



■exp I - y" exp ^-27/i (a;o, p) 



-8(2:0, gr) 

<cc? (gr)c? (i?)exp J exp (^-2jfi {xq, p) 



(3.39) 



1 fx 

j^a, o _i xtt (w, u) (dx) H rr^T r / G^j?, „ ^ Q! (u, u) (dx) 

B{xo,2q ir) V ' V ' _j_ g-5;s(xo,r) / B{xa,2q ir) V ' V / 

BixQ.k^R) B{xo,r) 

If we consider u G P [a, B (xq, Rq)], B {xq,Rq) C X and R < kR, one gets 



(3-40) y G^%„,2,-i.)"("'")(^^)^ y G^%o.2,-.)"K")(^^) 

B(a;o,r) B{xo,kR) 

and 

/ <^S%o,2r)"("'")('^2;) 

B(2;o,gr) 



< cci (gr) exp i- J exp (a;o, p) j ^ 

\ r / B(xa.k- 



H — ET^v \ / G^Bi o -1 nQ; (u, u) (dx) 



g5is(a:oi'") -(_ 1 

B(a;o,fci?) 
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< c4 {qr) exp I - y" cxp (^-2jn {xo,p) j J G'j^(xoM-^r)^ ""^ ^'^^^ 

\ r / B(xo,k^R) 

(3.41) +exp I -y exp(-5;7At (a;o,p)) y I J G^°^^ 2^_i^ja (m, u) (dx) . 
If we make the choice 7/i (x, r) < o (log log i) , we obtain by the previous inequality 
V' (r) < 2 exp I - f exp ( - log log i) — ] [PR] 




(3.42) <{^^]^{eR) 



where 



(3.43) V(0= j G^%„,2,-i,)a(«,u)(dx). 
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